INTRODUCTION
We construct here several classes of simple Lie algebras of characteristic Ž . 0 which include the Virasoro algebra without central charge and the graded Lie algebras of Cartan type. Our construction is motivated by our w x recent construction of simple locally Novikov algebras in 5 .
Our simple Lie algebras occur as subalgebras of certain algebras which w x have been defined by Kawamoto 4 . We give a construction of these algebras in Section 2, and we also define there certain subalgebras. These Ž . algebras include the algebras W n of Cartan type as well as the Virasoro algebra. The class of all the algebras defined in Section 2 we denote by W U . Occurring as subalgebras of the algebras of this class are three classes that we call S U , H U , and K U , since they contain respectively the algebras of Cartan type S, H, and K. These three classes are discussed respectively in Sections 3, 4, 5. In the case of the class S U we find some new simple algebras which have no analogue in the usual theory of Lie algebras of Cartan type. Finally we end with a few remarks in Section 6 looking toward a structure theory for simple infinite-dimensional Lie algebras.
LIE ALGEBRAS OF TYPE W

U
The algebras of Kawamoto that we define here are less general in two ways than the class that Kawamoto defines. First, we shall restrict ourselves to simple algebras, and second, we shall suppose that the torus is finite dimensional. The latter assumption is not essential for everything that we do, and is made mainly for convenience and to allow us to use induction on the dimension of the torus when we are dealing with the class S U . The notation used here is essentially the notation that we found most w x convenient for locally Novikov algebras in 5 , rather than the notation w x Ž w x. used by Kawamoto 4 or 2 . Let n be a positive integer, and for each k with 1 F k F n let ⌬ be a k nonzero additive subgroup of the field F. Let N be the group algebra k Ä 4 over F with basis x where ranges over ⌬ , and with the product k defined by x x s x q . Let ⌬ be the direct product of ⌬ , ⌬ , . . . , ⌬ , 1 2 n and let B be the tensor product of N , N , . . . , N . Then B has a natural 1 2 n associative product defined by
Ž . Ž .
It will be convenient to use the abbreviated notation
into an algebra by defining
and extending by linearity. It is immediate that A belongs to the class w x defined by Kawamoto 4 , and hence is a Lie algebra. The simplicity of A w x follows from 4 , and will also follow from our Theorem 2.2.
Ž 0 . Clearly the elements e s x for 1 F i F n span a maximal torus for 
, z is a nonzero element of C such that the kth k k superscript is zero but the kth coefficient is nonzero. If k g J and ␣ G 2, k ŽŽ y⑀ k . . we can achieve the same result by repeatedly applying ad x to z. k Thus we may suppose that z g C has the added properties that c / 0 
, e y e s ye g C for each i.
It is now immediate that C s A , and that A is simple.
j J
THE CLASS S
U
For algebras of Cartan type, the class S has usually been defined as the
and hence that L is a subalgebra. We shall J not take this approach for two reasons. First, the algebra arising in this Ž y⑀ . way is not simple if J is empty, since the elements of the form x have i divergence 0 but do not arise as the product of two elements of divergence 0. Second, and most important, there is a much larger class of simple subalgebras arising here than in the pseudogroup or Cartan type classes, and these new subalgebras seem to have nothing to do with the divergence. We choose a notation for developing the class S U which is close to the usual notation for algebras of Cartan type so that the reader can more easily see how our construction relates to that case. For the cases H U and K U , where our extension is quite straightforward, we shall return to the notation that we have already established. We first define the analogue of Ž y⑀ i . the usual partial differential operators by D s x . Define the action
we let L h denote the sum of the images of D for
is a simple algebra depends on h. Our first result in this direction Ž . Proof. If we can show this for L h , it will automatically be true for the
by 3.1 , and the quotients L rL of the composition series that they define all have trivial products for t G 1. It remains to show that M s L 0 rL 1 has a composition series of trivial factor algebras. For ease of Ž .
notation we shall write D h as h . Since we are working modulo h inside
Thus M is nilpotent, and the proposition is shown.
Ž . Ž1. We want to show now that L h
is simple when h is invertible, i.e.,
␥ ␥
Ž . Ž1. when h has the form x for some ␥ g ⌬. Further, for h s x , L h will J be simple exactly when ␥ s 0 for each i g J. We begin with
Ž . with a monomial which is not a power of the monomials associated with z, and the product will be an element z X of C in which the monomials are not powers of a single monomial. Thus, m ) 1 leads to a contradiction, Ž . and so m s 1. It is now easy using 3.8 to see that, with one exception, Proof. In view of Proposition 3.6, we can assume that n G 3. We will Ž . Ž1. Ž . Ž1. work just with L h since this includes the case of L h by taking J to
x
Proof. If ␣ satisfies the hypotheses, then
Choosing , g ⌬ such that / and q s ␣ y ␥ q
then C contains a nonzero element which is in Ž .
Ž . B q B . Ž . element which is contained in B q B . 
where g is some element of B 
Ž . Ž1. L h . In either case, if we commute this element repeatedly with an element z g C, the last time before we get 0 we will obtain either an element of the form gD where g g B is independent of x , or else an case, we proceed as in the proof of the last step to reduce to the case where g is a monomial. In either of these two cases we proceed by considering another element of J, say k, and by reducing further the element of C that we have arrived at by commuting with D or x D .
Continuing this process, we will arrive at an element of C which is either of the form gD for some i g J where g g B involves only invertible i variables, or an element of the intersection of C and the subalgebra of Ž . Ž1. L h which involves just the invertible variables. In the first case, we can Ž . Ž1. proceed as in the proof of Step 3 to get each other basis element of L h Ž . Ž1. into C. In the latter case, by Step 3, the subalgebra of L h involving just the invertible elements is contained in C, and so C contains monomials, Ž1.
Ž . and we can get all of L h
in C by the same argument.
THE CLASS H
Ž . Let A g W where n s 2 r. Let j s 1 for 1 F j F r and j s y1 for r q 1 F j F 2 r, and let j X s j q r for 1 F j F r and j X s j y r for
Clearly the kernel of D is exactly the multiples of x 0 . We will show that 
Ž .
U and H A which arise in this way is the class H . In order to see that J Ž . H A is a subalgebra, we use the identity
which follows from the calculation
The image of D is the algebra K belonging to the class K U . The K remaining algebras of K U are of the form K s K l A . We note that the J J kernel of D is 0. The fact that K is a subalgebra follows from the K following identity:
To prove this identity we calculate that
Distributing each summation inside the braces following it and changing the order of the terms, we obtain
It is probably a little early in the development of the theory of infinitedimensional Lie algebras to see what a classification might look like. Nevertheless we are motivated to make a few remarks concerning the general form that we believe that the structure theory will take.
1. Consider first the class of central simple Lie algebras L over an algebraically closed field F of characteristic 0, where L contains a maximal torus T of dimension n G 1 such that L decomposes as a sum of root spaces with respect to T. We believe that this class will turn out to divide sharply into two subclasses ᎏthose where all the root vectors act nilpotently on the algebra, and those where most of the root vectors act nonnilpotently on the algebra. The first subclass includes the finite-dimensional Lie algebras and the Kac᎐Moody Lie algebras. The second subclass includes the classes W U , S U , H U , and K U defined in this paper, as well as
w x the algebras L G, g, f of Block 1 . We expect that there are other classes of simple subalgebras of W U which also belong to this second class.
2. Following the example of Kawamoto's generalized Witt algebras, the four classes of Lie algebras that we have discussed here can be defined more generally by not restricting the torus to be finite dimensional. At this greater level of generality, we expect that many more examples of simple Lie algebras can be defined using topological methods and constructions.
3. Certain of the block algebras are isomorphic to algebras in class S U . For example, when n s 2 the algebra in S U obtained by taking h s x ⑀ is a Block algebra. The special case of this algebra when ⌬ and ⌬ are 1 2 cyclic is the characteristic 0 analogue of the algebra which is denoted Ž Ž .. Ž 1 . Ž w x. H 2, 1, ⌽ in the papers of Strade e.g., 9 . However, we have not seen how to represent most of the Block algebras as algebras in the classes W U , S U , H U , or K U . We expect to pursue this question in another paper.
4. If our hypothesis about the torus is weakened too much, a wide variety of different types of simple infinite-dimensional Lie algebras can occur. This is illustrated by the fact that there exists a simple Lie algebra L containing an element e such that L can be decomposed as a sum of generalized eigenspaces with respect to ad , but not eigenspaces with e respect to ad . Such an algebra can be obtained by taking the minus e algebra of the third type of Novikov algebra described in Theorem 1.3 of w x 6 . By a generalized eigenspace for a linear transformation T acting on a Ä Ž . m vector space V, we mean a set of the form V s x g V ¬ T y ␣ I xs0, a 4 some m .
